The extended variational principle fails for non-holonomic case. We use a vertical rolling disk as an example to illustrate this failure. We have studied the fundamental dynamical principle from which the motion of a mechanical system, whether holonomic or non-holonomic, can be derived.
A test case
Non-holonomic constraints can be illustrated by the problem of determining the motion of flat uniform disk which rolls upright without slipping on horizontal plane, see Fig. 1 The Lagrangian describing the system is
where M is the mass of the disk, A and C are moment of inertia about its own axis and perpendicular direction respectively. The nonholonomic constraints can be specified through the relations:
The Lagrangian equations of motion become
where λ is the Lagrange undetermined multiplier [1, 2] . Extended variational principle assumes Lagrange equations of the form
where χ, the undetermined multiplier, is taken to be function of t [3] . We obtain the extended variational equations:
Clearly these equations are inconsistent with Lagrange multiplier equations (2) . Then the extended theory fails for non-holonomic case [5] .
The Principle of Extremal Curvature
The base of this principle is differential geometry of trajectory of dynamical systems. Lagrangian of the dynamical system must satisfies in
where δẋ k δτ is defined by
. It has been obtained that the Euler-Lagrange equation can be written in the from
, It has been inferred that cannot be solved algebraically δẋ k δτ = 0, in generally [3] . If we choose τ = s(Minkowski arc length), it gives that dL ds = 0. Under these circumstances the Eulerlagrange equations are equivalent to the set of relations
where it has been substituted x
it is an identity whose right hand side vanishes when τ = s. The first curvature of the curve is defined by the magnitude of this vector . Thus the generalized first curvature of C is defined by
It has been gotten that the only curves whose first curvature vanishes are those that satisfy the Euler-Lagrange equations. Suppose that our dynamical system is subject to p constraints of the from
Then the functions are defined by
form a matrix, A µi (x j ,ẋ j ) such that the rank of the matrix is p. Consider a fixed point of configuration space and a fixed point in the tangent space T n (P ). The p vectors, A µi (x j ,ẋ j ) define an (n − p) dimensional subspace T n−p (P ) of T n (P ) which consists of all vectors traversal to each of the A µi . It has been introduced a set of m linearly independent vectors B i α which span T m (P ). Therefore it can written
The curvature, k is
The trajectory in the configuration space of a mechanical system subject to holonomic or non-holonomic constraints is such that the square of its curvature assume at each point a minimum or a maximum value consistent with constraints. The minimum value can be obtain only by assigning a minimum value to second term on the right hand side of (11), which tantamount
Then, it gives d ds
Using χ µ = ds dt π µ in (13), it has been obtained [3] d dτ
In particular, τ is time coordinate of dynamical system. For the disk Fig. 1, (14) is the same as Lagrange multiplier equations, (2).
Appendix Fundamental tensor whose components are defined as follow [4] : Disk is rolling on horizontal plane,θ represents the angle between a fixed radius and ψ the angle between the axis of the disk and the x axis. Fig.1 
